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Abstract

For classical Bernstein operators over the unit square, we obtain the best uniform constant

in preservation of the usual lN-modulus of continuity, at the same time we show that it

coincides with the corresponding best uniform constant for bivariate Szász operators. The

result validates a conjecture stated in a previous paper. The proof involves both probabilistic

and analytic arguments, as well as numerical computation of some specific values.

r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction and main result

For n; k ¼ 1; 2;y let B/kS
n :¼ Bn#?#Bn be the tensor product of k copies of

the classical Bernstein operator over the interval ½0; 1� given by

Bnf ðxÞ :¼
Xn

k¼0
f ðk=nÞ

n

k

 !
xkð1� xÞn�k;
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and denote by C/kS
n ðdÞ the best constant in preservation of the usual modulus of

continuity for the lN-norm in Rk; that is

C/kS
n ðdÞ :¼ sup

fAFk

oðB/kS
n f ; dÞ

oðf ; dÞ ; 0odp1;

whereFk is the set of all real non-constant bounded functions on ½0; 1�k; and oðf ; �Þ
stands for the above-mentioned modulus of continuity, i.e.,

oðf ; dÞ :¼ supfjf ðxÞ � f ðyÞj : x; yA½0; 1�k; jjx� yjj
N
pdg; dX0:

On the other hand, for t40 and k ¼ 1; 2;y; let S
/kS
t :¼ St#?#St be the

tensor product of k copies of the Szász–Mirakyan operator St over the interval
½0;NÞ given by

StgðxÞ :¼
XN
k¼0

gðk=tÞe�tx ðtxÞ
k

k!
;

and denote by D
/kS
t ðdÞ the corresponding best constant for such an operator, i.e.,

D/kS
t ðdÞ :¼ sup

gAGk

oðS/kS
t g; dÞ

oðg; dÞ ; d40;

where Gk is the set of all real non-constant functions g on ½0;NÞk such that
oðg; 1ÞoN (or, equivalently, oðg; dÞoN for all d40).

Many facts about C/kS
n ðdÞ and D

/kS
t ðdÞ are known in the literature. In [4], the

reader can find explicit probabilistic formulae for such constants (to be used in the
next section) which generalize the one-dimensional formulae given in [1]. From the

formula for D
/kS
t ðdÞ; it follows that

D/kS
t ðdÞ ¼ D

/kS
1 ðtdÞ; t; d40;

implying that the best uniform constant supd40D
/kS
t ðdÞ only depends upon the

dimension k: The facts

sup
0odp1

C/1S
n ðdÞ ¼ 2 ðnX1Þ and sup

d40

D/1S
t ðdÞ ¼ 2� e�1 ðt40Þ

were respectively established in [2,6]. It was shown in [5] that, for kX3;

sup
0odp1

C/kS
n ðdÞ ¼ k ¼ sup

d40

D
/kS
1 ðdÞ; nX1;

that is, the best uniform constants coincide with the dimension, and (as in the one-

dimensional case) the one for B/kS
n does not depend upon the parameter n; while, in

the case k ¼ 2; the value of sup0odp1 C/2S
n ðdÞ depends upon n; and both the values of

supnX1 sup0odp1 C/2S
n ðdÞ and supd40D

/2S
1 ðdÞ lie in the interval ½2; 5=2�: As for the

exact value of these quantities, on the basis of certain computational evidence, it was
conjectured the following.
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Theorem. We have

sup
d40

D
/2S
1 ðdÞ ¼ sup

nX1

sup
0odp1

C/2S
n ðdÞ

¼ 1� e�2 þ
XN
j¼0

1� e�2
Xj

i¼0

1

i!

 !2
2
4

3
5 ¼ 2:3884423y : ð1Þ

In the present paper, we give a theoretical proof of this result.

2. Auxiliary results

In this section, we introduce some notations, restate the preceding theorem in a
more convenient form for our purposes, and collect some necessary auxiliary results.
We set, for nX1 and 0oxpn;

CnðxÞ :¼ C/2S
n ðx=nÞ:

We recall that, according to the formulae in [3], we have

CnðxÞ ¼ E
ZnðxÞ

x

� 	
;

where E denotes mathematical expectation, J � n is the ceiling function, and ZnðxÞ :
¼ Zn

0ðxÞ3Z00nðxÞ is the maximum of two independent integer-valued random

variables Zn
0ðxÞ and Z00nðxÞ having the same binomial distribution given by

PðZn
0ðxÞ ¼ kÞ ¼ pn;kðxÞ :¼

n

k

 !
x

n


 �k

1� x

n


 �n�k

k ¼ 0; 1;y; n;

0 otherwise:

8>><
>>:

We also denote by

C�
nðxÞ :¼ PðZnðxÞ40Þ þ EZnðxÞ

x
¼ 1� p2n;0ðxÞ þ

EZnðxÞ
x

;

and recall that

EZnðxÞ ¼
XN
k¼1

kPðZnðxÞ ¼ kÞ ¼
XN
k¼1

PðZnðxÞXkÞ

¼
Xn�1
k¼0

1�
Xk

j¼0
pn;jðxÞ

 !2
2
4

3
5:

Similarly, we set, for x40;

DðxÞ :¼ D
/2S
1 ðxÞ ¼ E

xðxÞ
x

� 	
;
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and

D�ðxÞ :¼PðxðxÞ40Þ þ ExðxÞ
x

¼ 1� p20ðxÞ þ
1

x

XN
k¼0

1�
Xk

j¼0
pjðxÞ

 !2
2
4

3
5;

where xðxÞ :¼ x0ðxÞ3x00ðxÞ is the maximum of two independent random variables

x0ðxÞ and x00ðxÞ having the same Poisson distribution of parameter x; i.e.,

Pðx0ðxÞ ¼ kÞ ¼ pkðxÞ :¼ e�x xk

k!
; k ¼ 0; 1; 2;y:

With the preceding notations, it is clear that (1) can be rewritten as follows:

sup
nX1

sup
0oxpn

CnðxÞ ¼ sup
x40

DðxÞ ¼ D�ð1Þ: ð2Þ

The point is that the functions Cnð�Þ and Dð�Þ are quite irregular and hardly
tractable, but C�

nð�Þ and D�ð�Þ are fairly smooth. The following lemmas collect the
necessary facts for the proof of (2) given in the next section.

Lemma 1. We have

(a)

CnðxÞpC�
nðxÞ; nX1; 0oxpn:

(b)

DðxÞpD�ðxÞ; x40:

Proof. Both inequalities are nothing but particular cases of the inequality

EJUnpPðU40Þ þ EU ;

which holds true for every nonnegative random variable U : &

Lemma 2. We have

C�
nðxÞpD�ðxÞ; nX1; 0oxpn:

Proof. Fix nX1 and xAð0; n�; and denote by

an;k :¼ PðZn
0ðxÞpkÞ ¼

Xk

j¼0
pn;jðxÞ;

bk :¼ Pðx0ðxÞpkÞ ¼
Xk

j¼0
pjðxÞ;
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for k ¼ 0; 1; 2;y: From some results of Anderson and Samuels [3, Corollary 2.1],
there is an integer rX1 such that

an;kpbk; 0pkpr � 1;

an;kXbk; kXr: ð3Þ
We have

ExðxÞ � EZnðxÞ ¼
XN
k¼0

ð1� b2kÞ �
XN
k¼0

ð1� a2n;kÞ

¼
XN
k¼0

ða2n;k � b2kÞ

¼ a2n;0 � b20 þ
XN
k¼1

ðan;k þ bkÞðan;k � bkÞ

X a2n;0 � b20 þ ðan;r þ brÞ
XN
k¼1

ðan;k � bkÞ;

the inequality by (3) and the fact that the sequence fan;k þ bk : kX0g is

nondecreasing. SinceXN
k¼1

ðan;k � bkÞ ¼
XN
k¼0

ð1� bkÞ �
XN
k¼0

ð1� an;kÞ
" #

� ðan;0 � b0Þ

¼ ½Ex0ðxÞ � EZn
0ðxÞ� � ðan;0 � b0Þ

¼ � ðan;0 � b0Þ
(the last equality because Ex0ðxÞ ¼ x ¼ EZn

0ðxÞ), and
an;r þ brXan;1 þ b1Xð1þ xÞðan;0 þ b0Þ;

we finally obtain that

ExðxÞ � EZnðxÞXxðb20 � a2n;0Þ;

which is another way to express the conclusion. &

Lemma 3. We have:
(a)

x
d

dx
EZnðxÞ ¼ EZnðxÞ �

Xn

k¼1
kp2n;kðxÞ; nX1; xAð0; n�:

(b)

x
d

dx
ExðxÞ ¼ ExðxÞ �

XN
k¼1

kp2kðxÞ; x40:

Proof. Let nX1 be fixed. It is immediate that we have, for xAð0; n� and kX0;

x
d

dx
pn;kðxÞ ¼ kpn;kðxÞ � ðk þ 1Þpn;kþ1ðxÞ;
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implying that

x
d

dx

Xk

j¼0
pn;jðxÞ ¼ �ðk þ 1Þpn;kþ1ðxÞ;

and, therefore,

x
d

dx

Xk

j¼0
pn;jðxÞ

 !2

¼ � ðk þ 1Þ2PðZn
0ðxÞpkÞPðZ00nðxÞ ¼ k þ 1Þ

¼ � ðk þ 1Þ½PðZn
0ðxÞpkÞPðZ00nðxÞ ¼ k þ 1Þ

þ PðZ00nðxÞpkÞPðZn
0ðxÞ ¼ k þ 1Þ�

¼ � ðk þ 1Þ½PðZnðxÞ ¼ k þ 1Þ � p2n;kþ1ðxÞ�:

We conclude that

x
d

dx
EZnðxÞ ¼ x

d

dx

Xn�1
k¼0

1�
Xk

j¼0
pn;jðxÞ

 !2
2
4

3
5

¼
XN
k¼1

kPðZnðxÞ ¼ kÞ �
Xn

k¼1
kp2n;kðxÞ

¼EZnðxÞ �
Xn

k¼1
kp2n;kðxÞ;

showing part (a). The proof of (b) is achieved in the same way, by starting from the
fact that we have

x
d

dx
pkðxÞ ¼ kpkðxÞ � ðk þ 1Þpkþ1ðxÞ;

for all x40 and kX0: &

Lemma 4. (a) For each nX1; the function x�1EZnðxÞ is decreasing in ð0; n�:
(b) The function x�1ExðxÞ is decreasing in ð0;NÞ:
(c) The function D�ð�Þ is increasing in ð0; 1� and decreasing in ½3=2;NÞ:

Proof. From the preceding lemma, we have

d

dx

EZnðxÞ
x

¼ � 1

x2

Xn

k¼1
kp2n;kðxÞo0; nX1; xAð0; n�;

and

d

dx

ExðxÞ
x

¼ � 1

x2

XN
k¼1

kp2kðxÞ ¼ �
XN
k¼0

1

k þ 1
p2kðxÞo0; x40; ð4Þ
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showing parts (a) and (b). From (4), we also have, for x40;

d

dx
D�ðxÞ ¼ d

dx
1� p20ðxÞ þ

ExðxÞ
x

� �

¼ 2p20ðxÞ �
XN
k¼0

1

k þ 1
p2kðxÞ

¼ p20ðxÞ �
XN
k¼1

1

k þ 1
p2kðxÞ

¼ e�2x 1�
XN
k¼1

1

k þ 1

xk

k!

� �2" #
:

If xAð0; 1�; we have
XN
k¼1

1

k þ 1

xk

k!

� �2
p
XN
k¼1

1

k þ 1

1

k!

� �2
o
1

2
ðe � 1Þo1;

implying that d
dx

D�ðxÞ40; while, for xX3=2;

XN
k¼1

1

k þ 1

xk

k!

� �2
X

XN
k¼1

1

k þ 1

ð3=2Þk

k!

 !2

4
1

2

3

2

� �2
41;

which implies that d
dx

D�ðxÞo0: This shows part (c), and completes the proof of the

lemma. &

Lemma 5. We have:
(a) lim

xm1
CnðxÞ ¼ C�

nð1Þ; nX1:

(b) lim
n-N

C�
nð1Þ ¼ D�ð1Þ:

(c) lim
xm1

DðxÞ ¼ D�ð1Þ:

(d) Exð1Þ ¼ D�ð1Þ � 1þ e�2 ¼ 1:52377761y .
(e) D�ð1:55Þ ¼ 2:38835554y .

Proof. We have, for nX1;

lim
xm1

CnðxÞ ¼ lim
xm1

Xn

k¼1

k

x

� 	
PðZnðxÞ ¼ kÞ ¼

Xn

k¼1
ðk þ 1ÞPðZnð1Þ ¼ kÞ

¼PðZnð1Þ40Þ þ EZnð1Þ ¼ C�
nð1Þ;

showing part (a). Part (c) is shown in the same way, and we omit the details. Part (b)
readily follows from the fact that

lim
n-N

pn;kð1Þ ¼ pkð1Þ; k ¼ 0; 1; 2;y

(i.e., the Poisson approximation to the binomial distribution). Finally, parts (d) and
(e) merely are numerical computations. &
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3. Proof of the theorem

Recall the numerical value of D�ð1Þ appearing in (1). We have, by Lemmas 1, 2,
4(c) and 5(e),

DðxÞpD�ðxÞpD�ð1Þ; 0oxp1;

CnðxÞpC�
nðxÞpD�ðxÞpD�ð1Þ; 0oxp1; nX1;

DðxÞpD�ðxÞpD�ð1:55ÞoD�ð1Þ; xX1:55;

CnðxÞpC�
nðxÞpD�ðxÞpD�ð1:55ÞoD�ð1Þ; nX2; 1:55pxpn:

Let 1oxo1:55: Using the fact that the random variable xðxÞ is integer-valued, and
Lemmas 4(b) and 5(d), we obtain

DðxÞpEJxðxÞn ¼ ExðxÞpxExð1Þ

p 1:55Exð1Þ ¼ 2:361855yoD�ð1Þ;
and, analogously, by Lemmas 2 and 4(a),

CnðxÞpEJZnðxÞn ¼ EZnðxÞpxEZnð1Þpx Exð1ÞoD�ð1Þ; nX2:

From all the above, we conclude that

sup
nX1

sup
0oxpn

CnðxÞpD�ð1Þ and sup
x40

DðxÞpD�ð1Þ: ð5Þ

Finally, we have, by Lemma 5(c)

sup
x40

DðxÞX lim
xm1

DðxÞ ¼ D�ð1Þ;

and, by Lemma 5(a,b),

sup
nX1

sup
0oxpn

CnðxÞX lim
n-N

lim
xm1

CnðxÞ ¼ D�ð1Þ;

showing that the inequalities in (5) actually are equalities, and finishing the proof of (2).
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